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Sedimentation profiles and phase stacking diagrams in polydisperse hard rounded rectangle fluids
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We analyze the sedimentation behavior of a polydisperse two-dimensional liquid-crystal fluid using a local
density-functional theory based on scaled particle theory. Polydispersity is incorporated through variations in
the roundness of hard rectangular particles interacting solely via excluded area effects. Despite its simplicity,
the model displays a rich phenomenology. In bulk, the fluid exhibits isotropic, nematic, and tetratic phases. In
sedimentation, we obtain complex phase stacking diagrams featuring multiphasic stacking sequences with up
to four stacks of different bulk phases, inverted stacking sequences such as top isotropic and bottom nematic
together with top nematic and bottom isotopic, as well as stacking sequences with reentrant stacks such as
tetratic and nematic stacks floating between two isotropic stacks. This phenomenology arises as a result of an
intricate coupling between particle polydispersity and the effect of gravity. Our approach can be easily adapted
to investigate the sedimentation behavior of other polydisperse colloidal systems.

DOI: 10.1103/kd2c-5hkf

I. INTRODUCTION

Colloidal systems are inherently polydisperse and exhibit
variations in particle size and shape. Polydispersity is more
pronounced in some natural colloids, such as clays [1]. Recent
improvements in synthetic methods have made possible the
synthesis of micronsize particles with sharp size distributions
[2–5]. However, a certain degree of polydispersity is unavoid-
able, even for microspheres [6,7], and small variations in
particle sizes and shapes can affect the macroscopic properties
of colloidal systems [8,9].

Polydispersity significantly alters the entropy, and conse-
quently, the bulk phase behavior of colloidal systems, which
is often the result of a delicate balance between different
entropic contributions to the free energy. In particular, the
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ideal mixing entropy increases with polydispersity, while the
interaction (e.g., excluded-volume) contribution is modified in
nontrivial ways by the presence of different species. Polydis-
persity changes the relative stability of bulk phases [10–15],
induces fractionation [16], and also preempts the formation
of certain bulk phases that emerge in the corresponding
monodisperse systems. Above a terminal polydispersity, the
crystallization of hard spheres [17–19] and the formation of
smectic phases in suspensions of colloidal rods [20] are ab-
sent. In suspensions of silica rods, polydispersity can suppress
the formation of crystalline phases, favoring instead a smectic
B phase [21]. Conversely, polydispersity can also stabilize
phases that are not stable in the corresponding monodisperse
system [22–24]. A detailed understanding of how poly-
dispersity modifies the bulk behavior remains an ongoing
challenge.

Valuable information about the bulk phase equilibria of
colloidal suspensions can be obtained from sedimentation ex-
periments, where a colloidal sample is left to equilibrate in
a cuvette under the influence of gravity. However, the grav-
itational length (i.e., the ratio between thermal energy and
gravitational energy per unit of height) is often comparable
to or even smaller than the sample height in colloidal sys-
tems. Hence, there is frequently a strong coupling between
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the gravitational field and bulk phenomena due to the gravity-
induced particle density gradient along the vertical direction.
In monodisperse colloidal systems, the height-dependent den-
sity distribution provides a direct and rather intuitive way
to understand the bulk phase behavior [25–29]. In binary
mixtures, there exist in general two distinct gravitational
lengths and hence gravity affects each species differently.
The gravitational field stabilizes the formation of stacking se-
quences with several stacks of different bulk phases [30–35].
Moreover, the same bulk phase can appear twice within
the cuvette. An example is the isotropic-nematic-isotropic
stacking sequence experimentally observed in sphere-plate
mixtures [36]. Hence, drawing conclusions about bulk phe-
nomena in binary mixtures from sedimentation experiments
is a delicate issue.

An even more intricate interplay between gravity and bulk
phenomena is expected in polydisperse colloidal systems,
since particle sizes and buoyant masses are not limited to a
discrete set but are instead described by a density distribution
function. The gravitational field creates a height-dependent
density distribution function that differs from its bulk (par-
ent) counterpart. Hence, phases that are not stable in bulk
for a given parent distribution might appear in a sedimenta-
tion sample due to, e.g., gravity-induced strong fractionation.
Sedimented samples of highly polydisperse goethite nanorods
revealed the formation of a smectic phase [37,38], even
though the polydispersity of the parent distribution was well
above the theoretical terminal polydispersity for smectic
phases [20]. A polydisperse suspension of natural clay rods
developed nematic-nematic demixing due to a pronounced,
gravity-induced fractionation in the rod length [39]. In a
suspension of highly polydisperse gibbsite platelets, the sed-
imented samples exhibited either an isotropic stack on top of
a nematic one or the inverse sequence (top nematic and bot-
tom isotropic), depending on the sample height and average
packing fraction [40].

To infer bulk phase equilibria from sedimentation exper-
iments in polydisperse systems, we must first understand
the role played by the gravitational field. From a theoretical
point of view, sedimentation path theory [35,41,42] incor-
porates the gravitational field on top of the bulk description
of the system. The theory relies on a local equilibrium ap-
proximation that at each height maps the sedimented sample
to a bulk system using local (height-dependent) chemical
potentials. So far, sedimentation path theory was used to
study sedimentation in binary colloidal mixtures [35,36,41–
48], polymer-colloid mixtures [49], and mass-polydisperse
colloidal systems [29,50]. In a mass-polydisperse system, the
colloidal particles have identical shapes and sizes but there
is a continuous distribution of buoyant masses. Since mass
polydispersity does not alter the interparticle interactions with
respect to a monodisperse system, it is possible to derive an
effective chemical potential that describes how the state of the
mass-polydisperse sample changes along the cuvette. Mass
polydispersity does not affect bulk equilibria, but it can have
a profound impact on sedimented samples with mass distri-
butions close to the experimentally relevant density-matching
regime [29,50].

Studying mass-polydisperse models is useful to isolate the
effect of the gravitational field, but it does not allow us to

understand the interplay between bulk equilibria and gravity.
As a first step in this direction, we theoretically investigate
here the sedimentation of a two-dimensional model colloidal
system with shape polydispersity by minimizing a local den-
sity functional in the presence of gravity. Bellier-Castella and
Xu used a conceptually similar approach to study sedimenta-
tion of polydisperse isotropic particles (van der Waals fluids)
[51]. We model the particles as polydisperse hard rounded
rectangles (HRR). Martínez-Ratón and Velasco recently in-
vestigated the bulk system [52] with scaled particle theory
(SPT) [53]. The model exhibits isotropic, tetratic, and nematic
phases. Several effects were attributed to polydispersity [52]:
(i) a decrease of the stability of the tetratic phase, (ii) the
occurrence of strong fractionation between coexisting phases,
(iii) a change in the nature of the isotropic-nematic bulk
transition from continuous to first order, and (iv) a packing
fraction inversion in which the disordered isotropic phase
has higher packing fraction than the orientationally ordered
nematic phase.

In this work we focus on the effect of the gravitational field
on a polydisperse fluid of HRR. We first extend the scaled par-
ticle theory presented in Ref. [52] to spatially inhomogeneous
systems via a simple local density approximation. Gravity is
then incorporated to the polydisperse system as an external
potential contribution to the free-energy density functional.
The height-dependent particle distribution function along the
sedimented sample is obtained via a free minimization of
the functional with respect to the full particle distribution
resolved in both space and orientations. We found several
stacking sequences that we group in a stacking diagram in the
plane of average packing fraction and sample height. Unlike
monodisperse and mass-polydisperse systems, shape polydis-
perse systems exhibit pairs of inverted stacking sequences,
e.g., tetratic-nematic and its inverse nematic-tetratic. These in-
verted sequences are stable in different regions of the stacking
diagram. Moreover, the degree of polydispersity has a strong
effect on the topology of the stacking diagram, emphasizing
its essential role in sedimentation.

II. MODEL

Particle model. The fluid is composed of two-dimensional
hard particles, each one with a fixed rectangular core of length
L and width D (L � D), and a hard envelope obtained by
sliding the center of mass of a disk of diameter l along the
perimeter of the core, resulting in a rectangular shape with
rounded corners. A sketch of the particle is shown in Fig. 1(a).
The roundness length l is treated as a polydisperse variable
and therefore distributed according to a given probability dis-
tribution function. For a given l , the particle area is

a(l ) = LD + (L + D)l + π

4
l2. (1)

Particle distribution. We consider a column of height H of
an equilibrium fluid of polydisperse HRR sedimented accord-
ing to the law of gravity. The main magnitude characterizing
the fluid behavior is the density profile, ρ(l, z, φ), of parti-
cles with roundness length l , located at (vertical) position z
(measured from the bottom of the sample), and with principal
axes (parallel to the core side of length L) forming an angle φ
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(a) (b) (c)

FIG. 1. Particle model and distributions. (a) Sketch of a HRR (blue) obtained from a fixed rectangular core (green) of dimensions L × D
by sliding a disk of diameter l (dashed-orange) around the perimeter of the core. (b) Parent distributions, f (l ), as a function of the scaled
roundness length l/l0. The values of the parameters ν and s characterizing the distributions are indicated in the figure. (c) Representative
examples of the particles considered in this study: polydisperse distribution functions with mean aspect ratios κ0 = 2.22 and κ0 = 1.75, see
Eq. (33).

with respect to the z-axis (the direction of the nematic or one
of the tetratic directors) of a fixed reference frame.

Let ρ0 denote the mean density of the whole sample. Then,
the following constraint on the density profile holds:

1

H

∫ H

0
dz

∫ π

0
dφρ(l, z, φ) = ρ0 f (l ). (2)

Due to the head-tail symmetry of the particles, the angular in-
tegration can be restricted to the interval [0, π ]. The function
f (l ) is the fixed parent roundness length-distribution function,
which we take as the truncated Schulz distribution,

f (l ) = C
(

l

l0

)ν

e−αl/l0�(lmax − l ), (3)

where lmax is the cutoff for the maximum roundness length and
�(x) is the Heaviside function. The normalization constant C
and the parameter α, which depend on the exponent ν and
lmax, are calculated by imposing the normalization∫ lmax

0
dl f (l ) = 1, (4)

and fixing the value of the mean roundness length∫ lmax

0
dll f (l ) = l0. (5)

We use the mean roundness length, l0, as our unit of length.
The exponent ν together with the parameter α in Eq. (3) con-
trol the degree of polydispersity, which we quantify through
the relative standard deviation,

s ≡
√

〈l2〉 f

l2
0

− 1, (6)

with

〈l2〉 f ≡
∫ lmax

0
dll2 f (l ). (7)

In our numerical calculations, all the integrals in l were
performed using a Gauss-Legendre quadrature with 101
points for ν = 0 and lmax = 5l0, resulting in the polydisperse
coefficient s = 0.936, and 81 points for ν = 2.82 and lmax =

3l0, resulting in s = 0.5. These are the two cases selected for
analysis, corresponding to large and moderate polydispersi-
ties. The parent distribution functions and illustrative particle
shapes corresponding to them are shown in Figs. 1(b) and 1(c),
respectively.

III. THEORY

We use the SPT to approximate the interaction or excess
part of the Helmholtz free energy per unit of area, which is
supplemented by a local density approximation (the implica-
tions of this approximation are discussed later). The excess
free-energy density (i.e., the excess part of the Helmholtz
free energy, Fexc, divided by the system area, A, and scaled
with the Boltzmann factor, β−1 = KBT ) depends locally on
ρ(l, z, φ) and has the form [52]


exc(z) ≡ βFexc[ρ]

A

= −m(0)
0 (z) ln [1 − η(z)] + 〈〈Aspt〉〉(z)

1 − η(z)
, (8)

where m(0)
0 (z) is the integrated density profile (see below), and

the local packing fraction is defined as

η(z) =
∫ lmax

0
dl

∫ π

0
dφρ(l, z, φ)a(l ). (9)

Inserting Eq. (1) into Eq. (9), we obtain

η(z) = LDm(0)
0 (z) + (L + D)m(0)

1 (z) + π

4
m(0)

2 (z), (10)

where we have introduced the generalized Fourier moment
profiles

m(k)
i (z) = 2

1 + δk0

∫ lmax

0
dll i

∫ π

0
dφ cos(2kφ)ρ(l, z, φ),

(11)

with

k =
{

0 if i = {1, 2}
{0, 1, . . . , nmax} if i = 0.

(12)
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Here, δk j is the Kronecker delta. The value nmax is chosen
to ensure an adequate approximation for the orientational
distribution function h(z, φ) (see below). Note that we only
need the moments {m(0)

i } to define η(z). However, at this point
we introduce all the moments required to find the equilibrium
density profile, ρ(l, z, φ), as will be shown later.

The magnitude 〈〈Aspt〉〉 in Eq. (8) is the double angular
average, with respect to the density profiles ρ(l, z, φ) and
ρ(l ′, z, φ′), of the so-called SPT-area integrated with respect
to the polydisperse roundness lengths l and l ′:

〈〈Aspt〉〉(z) ≡
∫ lmax

0
dl

∫ lmax

0
dl ′

∫ π

0
dφ

∫ π

0
dφ′ρ(l, z, φ)

× ρ(l ′, z, φ′)Aspt (l, l ′, φ − φ′). (13)

In turn, Aspt (l, l ′, φ) can be calculated from the excluded area,
Aexcl(l, l ′, φ), as

Aspt (l, l ′, φ) = 1

2
[Aexcl(l, l ′, φ) − a(l ) − a(l ′)]

= (L2 + D2)

2
| sin φ| + LD| cos φ|

+ (L + D)

2
(l + l ′) + π

4
ll ′. (14)

The excluded area, Aexcl(l, l ′, φ), between two HRRs with
roundness lengths l and l ′ and orientation φ is the region of
space inaccessible to the center of mass of one particle due
to the presence of the other particle. Note that here φ is the
relative orientation between both particles.

The Fourier expansion of the SPT area (14) using the
cosine basis functions {cos(2kφ)}nmax

k=0 is

Aspt (l, l ′, φ) = (L + D)

2
(l + l ′) + π

4
ll ′

+ 1

π

[
g0 + 2

nmax∑
k=1

gk cos(2kφ)

]
, (15)

with Fourier coefficients

gk = − (L + (−1)kD)2

4k2 − 1
, k = 0, . . . , nmax. (16)

Inserting Eq. (15) into (13) we arrive at

〈〈Aspt〉〉(z) = 1

π

[
g0

(
m(0)

0 (z)
)2 + 1

2

nmax∑
k=1

gk
(
m(k)

0 (z)
)2

]

+ (L + D)m(0)
0 (z)m(0)

1 (z) + π

4

(
m(0)

1 (z)
)2

, (17)

where we have used the definitions of the generalized Fourier
moment profiles (11).

Equations (8) and (13) constitute a local density-functional
approximation. For this approximation to accurately take into
account short-ranged particle correlations, the variation of the
integrated density profile, m(0)

0 (z), along z should be much
less than the inverse of the average characteristic length of the
interparticle potential, 
 ≡ 2(L + l0). Hence, in our case, the
relative variation of the density profile along z should be of
the order of the average gravitational length 〈ξ 〉 ≡ (τ 〈a〉 f )−1.

That is,

1

m(0)
0 (z)

∣∣∣∣∣dm(0)
0 (z)

dz

∣∣∣∣∣ � 〈ξ 〉−1. (18)

As 〈ξ 〉 � 
, we obtain a condition to justify the local density
approximation:

1

m(0)
0 (z)

∣∣∣∣∣dm(0)
0 (z)

dz

∣∣∣∣∣ � 
−1. (19)

We have defined

〈a〉 f = LD + (L + D)l0 + π

4
l2
0 (1 + s2) (20)

as the averaged particle area with respect to the parent dis-
tribution function f (l ), while τ = β(�d )g is a coefficient
defined from the product of �d ≡ dm − ds > 0, the difference
between the mass density of the material from which solute
particles are made (dm) and that of the solvent (ds), and the
constant of gravity g, divided by β−1 = kBT .

The ideal part of the free-energy density in reduced thermal
units for the polydisperse mixture is given exactly by


id (z) ≡ βFid[ρ]

A

=
∫ lmax

0
dl

∫ π

0
dφρ(l, z, φ)[ln (ρ(l, z, φ)) − 1],

(21)

where we have dropped the (irrelevant) particle thermal areas.
Finally, the gravitational field is incorporated as an external

potential contribution due to a conservative force field:


ext (z) ≡ βFext[ρ]

A

= τ z
∫ lmax

0
dl

∫ π

0
dφρ(l, z, φ)a(l ) = τ zη(z). (22)

The total Helmholtz free-energy functional per unit of area
in reduced thermal units is


[ρ] ≡ βF[ρ]

A
= 1

H

∫ H

0
dz[
id (z) + 
exc(z) + 
ext (z)].

(23)

The functional minimization of 
[ρ] with respect to
ρ(l, z, φ), taking into account the constraint (2) yields

ρ(l, z, φ) = ρ0 f (l )ec(l,z,φ)

T (l )
, (24)

c(l, z, φ) ≡ c1(l, z, φ) − τa(l )z, (25)

T (l ) ≡ H−1
∫ H

0
dz′

∫ π

0
dφ′ec(l,z′,φ′ ), (26)

where the one-body direct correlation function is

−c1(l, z, φ) = − ln [1 − η(z)] + S(l, z, φ)

1 − η(z)
+ p∗(z)a(l ),

(27)
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with

S(l, z, φ) ≡ 2
∫ lmax

0
dl ′

∫ π

0
dφ′ρ(l ′, z, φ′)Aspt (l, l ′, φ − φ′)

(28)

and

p∗(z) ≡ m(0)
0 (z)

1 − η(z)
+ 〈〈Aspt〉〉(z)

(1 − η(z))2
(29)

being the local pressure profile in reduced thermal units,
i.e., p∗(z) = βp(z). The function S(l, z, φ) in turn can be
expressed as a function of the generalized Fourier moment
profiles {m(i)

k (z)}, taking into account the Fourier expansion
of Aspt (l, l ′, φ), given in Eq. (15), resulting in

S(l, z, φ) = 2

π

[
g0m(0)

0 (z) +
nmax∑
k=1

gkm(k)
0 (z) cos(2kφ)

]

+ (L + D)m(0)
1 (z)

+
[
(L + D)m(0)

0 (z) + π

2
m(0)

1 (z)
]
l. (30)

Using the result (24) and the definitions (11), we obtain
the following set of self-consistent nonlinear integral equa-
tions for the unknown functions {m(k)

i (z)}:

m(k)
i (z) = 2ρ0

1 + δk0

∫ lmax

0
dll i f (l )

T (l )

∫ π

0
dφ cos(2kφ)ec(l,z,φ).

(31)

This system of nonlinear equations allows us to find the
nmax + 3 unknown generalized moment profiles {m(k)

i (z)};
three m(0)

i (z) corresponding to i = 0, 1, 2 and a total number
of nmax moment profiles m(k)

0 (z) for 1 � k � nmax. Here, we
set nmax = 20.

The system of equations is solved iteratively, after uni-
form discretization of the spatial coordinate, using Anderson’s
acceleration method [54] with memory length M = 3, by
gradually increasing the mixing parameter from 10−8 to
1024 × 10−7. The iterations stop when the residual (quadratic
mean) is less than 10−6. To perform the integrals over φ we
use the Gauss-Legendre quadrature with either 81 or 101 sam-
ple points in the interval [0, π ]. We perform the integration
over z using the Simpson’s rule with np = max(	450τ
 +
1, 41) uniformly distributed points, where 	·
 denotes the
ceiling function.

The procedure to obtain the equilibrium density profile
of a given sample is as follows. First, we fix the average
packing fraction, the sample height, and the parent distri-
bution function. Next, we initialize the generalized moment
functions {m(k)

i (z)} with certain guesses depending on the bulk
phases that we want to include along the column as possible
candidates to the equilibrium profiles (see Sec. IV). Then, we
iteratively solve the system (31) to find the final equilibrium
profile ρeq(l, z, φ), which is a function of the set of equilib-
rium generalized moment functions. In some cases different
initial guesses result in different converged profiles. To dis-
tinguish which of them is the equilibrium one, we compute
the free energy for all converged profiles and choose the one
with the lowest free energy. It is straightforward to show from

Eqs. (23), (24), and (31) that the free energy at equilibrium is
given by


[ρeq] = ρ0

(
ln ρ0 +

∫ lmax

0
dl f (l ) ln

[
f (l )

Teq(l )

])

− 1

H

∫ H

0
dzp∗

eq(z). (32)

To end this section, we briefly mention the concepts of
cloud and shadow coexisting phases at bulk. These concepts
are used later when we compare the equilibrium sedimented
phases obtained from the present model with those obtained
at bulk conditions. With cloud-A–shadow-B coexistence we
mean that the whole sample filled by phase A (the cloud
phase) coexists with an infinitesimally thin layer of phase B
(the shadow phase).

IV. SAMPLE CHARACTERIZATION

To describe the particle shape, we use both the mean aspect
ratio, κ0, and the roundness parameter, θ , defined as

κ0 = L + l0
D + l0

, (33)

θ = l0
D + l0

. (34)

The roundness parameter lies in the interval [0,1], with θ → 0
being the limit of a rectangle (l0 � D) and θ → 1 being the
limit of a discorectangle (l0 � D).

Further, we define the scaled mean density η ≡ ρ0〈a〉 f or
mean packing fraction (with respect to the parent distribu-
tion function) and the dimensionless density profile ρ∗(z) ≡
m(0)

0 (z)〈a〉 f .
To measure the degree of fractionation in the polydis-

perse roundness as a function of the elevation z, we define
the distribution function x(l, z) as the fraction of particles
with roundness l located in an infinitesimally thin slab at
position z:

x(l, z) ≡
∫ π

0 dφρ(l, z, φ)∫ lmax

0 dl ′ ∫ π

0 dφ′ρ(l ′, z, φ′)

= 1

m(0)
0 (z)

∫ π

0
dφρ(l, z, φ). (35)

The distribution function x(l, z) is normalized for all posi-
tions: ∫ lmax

0
dlx(l, z) = 1, ∀ z. (36)

Then, we can compute the scaled average roundness (in units
of l0)

σ1(z) ≡ 〈l〉x(z)/l0, (37)

and its mean square value

σ2(z) ≡ 〈l2〉x(z)/l2
0 , (38)
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as a function of the vertical coordinate z. We define the mo-
ments of l with respect to the distribution function x(l, z) as

〈l i〉x(z) ≡
∫ lmax

0
dll ix(l, z) = m(0)

i (z)

m(0)
0 (z)

, i = 1, 2, (39)

with the last equality obtained from (11). Both σ1 and σ2 help
to characterize the mean roundness of particles populating
the fluid slab at elevation z together with the degree of fluid
polydispersity at this position.

To quantify the distribution, we also use M(z) ≡
argmaxl [x(l, z)]/l0, defined at each z as the value of l/l0 for
which x(l, z) is maximum.

To find the stacking sequences [41] of the liquid-crystal
fluid column, it is necessary to describe the orientational sym-
metries of the different sedimented phases. First, we define the
orientational distribution function of the polydisperse fluid at
the position z as

h(z, φ) ≡
∫ lmax

0 dlρ(l, z, φ)∫ π

0 dφ′ ∫ lmax

0 dl ′ρ(l ′, z, φ′)
, (40)

which is normalized for all positions:∫ π

0
dφh(z, φ) = 1, ∀ z. (41)

Next, we define the orientational order parameters, mea-
suring the degree of nematic (n = 2) or tetratic (n = 4) order,
as cosine-weighted angular moments of the orientational dis-
tribution function:

Q2n(z) =
∫ π

0
dφh(z, φ) cos(2nφ) = m(n)

0 (z)

2m(0)
0 (z)

, n = 1, 2.

(42)

With the orientational order parameters, we classify the state
of the sedimented sample at position z according to the fol-
lowing rule:

(1) Isotropic phase: Q2(z) = Q4(z) = 0,
(2) Tetratic phase: Q2(z) = 0, Q4(z) > 0.
(3) Nematic phase: Q2(z) > 0, Q4(z) > 0.

V. RESULTS

A. Sedimentation profiles

We begin by analyzing three sedimentation profiles, each
corresponding to a distinct set of model parameters selected
to illustrate representative behaviors of the system. Across all
three cases, the following parameters are held constant: mean
aspect ratio (33) κ0 = 1.75, polydispersity coefficient (6) s =
0.936 (corresponding to ν = 0 with the parent distribution
function shown in Fig. 1), and mean roundness (34) θ = 0.3.
To generate the different profiles, we vary the capillary height
H and the mean packing fraction η, allowing us to explore the
influence of these parameters on the sedimentation behavior.

Figure 2 displays the profiles along the sedimentation di-
rection of the capillary for the three selected cases. The first
case corresponds to a sample height H/〈ξ 〉 = 105 and the
highest scaled mean density, η = 0.913. In this case the pro-
files of the orientational order parameters, Fig. 2(b1), reveal
that in the top region, Q2 = 0 and Q4 
= 0, while in the bottom

region both Q2 
= 0 and Q4 
= 0. Hence, the stacking sequence
is TN (tetratic-nematic), where we denote the stacks of differ-
ent bulk phases from top to bottom.

This sequence is consistent with the behavior expected in
bulk systems with low polydispersity. In the central region
of the capillary, the stable phase is the uniaxial nematic (N),
although the uniaxial order parameter Q2 decreases toward
both the top and bottom boundaries. This trend can be under-
stood by considering the density and packing fraction profiles
shown in Fig. 2(a1), which indicates that the particle number
density increases toward the top, opposite to the trend of the
packing fraction. This apparent contradiction arises due to
gravity-driven sedimentation: heavier particles tend to settle
lower in the capillary. These heavier particles typically have
higher roundness values l , and the aspect ratio κ (l ) is a mono-
tonically decreasing function of l ,

κ (l ) = L + l

D + l
, (43)

which implies that particles with greater roundness possess
lower aspect ratios and are in turn more massive as Eq. (1)
for the particle area shows. Since lower aspect ratios are
associated with reduced uniaxial nematic order Q2, the de-
crease in Q2 toward the bottom is consistent with the presence
of rounder, less anisotropic particles. In contrast, the local
packing fraction at the top is sufficiently reduced so as to
stabilize the less ordered liquid-crystal T phase. Figure 2(c1)
shows the first, σ1, and second, σ2, moments of the polydisper-
sity distribution. Both quantities increase toward the bottom
of the capillary as a result of gravity-induced fractionation.
Near the bottom this pronounced fractionation causes the peak
of the roundness distribution to shift from l = 0 to signifi-
cantly larger values, see Fig. 2(d1). That is, gravity induces
a qualitative change in the shape of the local distribution of
particles.

The stacking sequence shown in Fig. 2 panels (a2)–(d2)
corresponds to the same value of sample height, H/〈ξ 〉 = 105,
but the scaled mean density is decreased to η = 0.908. This
small decrease is, however, sufficient to stabilize an isotropic
stack at the top and a tetratic stack at the bottom, leading to a
four-stack ITNT sequence. The bottom tetratic stack appears
again as a result of the accumulation of more rounded (heav-
ier) particles toward the bottom of the sample.

Finally, in Fig. 2 panels (a3)–(d3) we show that by reduc-
ing the capillary height to H/〈ξ 〉 = 30.8 and for an average
packing fraction η = 0.91, the nematic phase no longer has
sufficient vertical space to establish an interface with ei-
ther a tetratic or an isotropic phase at the top. Instead, a
nematic-tetratic (NT) stacking sequence emerges. This is an
inversion of the stacking sequence with respect to the TN
sequence shown in Fig. 2 panels (a1)–(d1). Similarly, the
cloud-N–shadow-T and shadow-N–cloud-T coexist in bulk
at approximately the same polydispersity [52]. However, the
inversion of the stacking sequence is much stronger under
sedimentation conditions as compared to the bulk. Other
phase inversion phenomena are present in the system, as dis-
cussed below. A conceptually similar inversion of the stacking
sequence (between isotropic-nematic and nematic-isotropic)
was experimentally observed by van der Kooij et al. in poly-
disperse platelets [40].
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FIG. 2. Sedimentation profiles. (a1) Scaled density ρ∗ and local packing fraction η as a function of elevation z for a sample with mean
packing fraction η = 0.913 and sample height H/〈ξ〉 = 105, corresponding to a TN stacking sequence. The mean aspect ratio is κ0 = 1.75, the
polydispersity coefficient is s = 0.936, and the mean roundness is θ = 0.3. (b1) Order parameters Q2 and Q4 as a function of elevation for the
same sample as in (a1). (c1) Profiles for the first and second dimensionless moments σ1, σ2, and M which is the value of l/l0 for which x(l, z)
is maximum as a function of z, for the same sample as in (a1). A sketch of the sample highlighting the stacking sequence is shown in panel
(c1). (d1) Local roundness distribution functions x(l, z) as a function of l at three selected elevations z, marked in panels (c1) with arrows.
Panels (a2)–(d2) display the same quantities as panels (a1)–(d1) for a sample with height H/〈ξ〉 = 105 and mean packing fraction η = 0.908,
which corresponds to an ITNT stacking sequence. Panels (a3)–(d3) display the same quantities as panels (a1)–(d1) for a sample with height
H/〈ξ〉 = 30.8 and mean packing fraction η = 0.91, which corresponds to a NT stacking sequence. Figure 3(d) shows the location of the three
samples in the stacking diagram using pentagons labeled 1–3.

In contrast to the previous cases, the peak of the distri-
bution function remains fixed at l = 0 throughout the whole
vertical column, see Fig. 2(d3).

B. Phase stacking diagrams

We next group all possible stacking sequences for a given
parent distribution in a stacking diagram, see Fig. 3. We
construct the stacking diagram by computing sedimentation
profiles for each point on a rectangular grid in the plane de-
fined by the average packing fraction η and the sample height
H . The phase of each horizontal stack is then identified using

the orientational order parameters Q2(z) and Q4(z). The grid
size is chosen according to the complexity of the diagram.
A finer grid is used when the number and symmetries of
the involved stacking sequences is rather sensitive to small
changes in η and/or H/〈ξ 〉. Each point in the stacking diagram
corresponds to a sedimented sample with a given stacking se-
quence. As mentioned above, we label the stacking sequences
from top to bottom. Hence, the stacking sequence INT means
that the stacks I, N, and T are observed from the top toward the
bottom along the vertical direction. Three schematic examples
of biphasic (1 and 2) and triphasic (3) stacking sequences
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FIG. 3. Stacking diagrams of polydisperse hard rounded rectangles in the plane of average packing fraction η and scaled sample height
H/〈ξ〉. The aspect ratio and average roundness of the parent (bulk) distributions are (a, b) κ0 = 2.22, θ = 0.56 and (c, d) κ0 = 1.75, θ = 0.3.
Two degrees of polydispersity are considered in each case: s = 0.5 (a, c) and s = 0.936 (b, d), as indicated above panels (a, b). Each gray
square corresponds to a sedimentation sample that we calculated to obtain the stacking diagrams. The black solid lines mark the approximate
boundaries between two different stacking sequences in the stacking diagrams. Stacking sequences are labeled from top to bottom and colored
differently (see color box). Close-up views of two highlighted regions in panel (d) are shown in the two side panels. The numbered black
circles in (a, b) mark the position of the three sedimentation samples sketched to the right of panel (b). The labeled pentagons in (d) and white
squares mark the position in the stacking diagram of the three sedimentation samples depicted in Fig. 2. Minimization of the functional was
not possible in the white region of panel (d) due to numerical instabilities.

are represented next to panel (b) of Fig. 3. These particular
samples are indicated in the corresponding stacking diagrams
shown in Figs. 3(a) and 3(b).

Four stacking diagrams are shown in Fig. 3 in the η-H/〈ξ 〉
plane, where again 〈ξ 〉 = (τ 〈a〉)−1 is the average gravitational
length. First, we study HRR systems with an average aspect
ratio κ0 = 2.22 (for which the tetratic phase T is not stable in
bulk [52]) under gravity, see Figs. 3(a) and 3(b). For a mod-
erate degree of polydispersity, s = 0.50 (corresponding to the
parent distribution function shown in Fig. 1) and θ = 0.556,
we find only the stacking sequence IN (sketched sequence 1)
in addition to the pure I and N stacks, see Fig. 3(a). For this
parent distribution, the I-N transition is of first order in bulk
and there is no phase inversion with respect to packing frac-

tion [52]. Therefore, the stacking sequences found correspond
to those expected for a bulk first-order transition. For example,
for H/〈ξ 〉 ≈ 50 and mean packing fractions between 0.85 and
0.9, we observe the expected cascade of stacking sequences
I → IN → N. The region occupied by the sequence IN in
the stacking diagram will presumably keep growing as we
increase the sample height. In the limit of very large samples,
the IN should develop at essentially any value of the average
packing fraction. The parent distribution contains only parti-
cles with positive buoyant masses, and therefore in the limit
H/〈ξ 〉 → ∞ the top stack must always be a dilute isotropic
phase. We expect that the stacking sequence IN is still present
in the bulk limit, i.e., H/〈ξ 〉 → 0, with the corresponding den-
sity gap at coexistence. For this parent distribution the most
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ordered bulk phase (N) appears at the bottom. No inversion of
the stacking sequence is present.

Using the same values for κ0 and θ , but increasing the
polydispersity to s → 1, we observe that no inversion in
packing fraction occurs in bulk [52]. Specifically, at the cloud-
I–shadow-N coexistence, the packing fraction of the isotropic
phase (I) is lower than that of the nematic phase (N). For
the cloud-N–shadow-I coexistence, both packing fractions
are approximately equal. However, the situation changes in
the presence of the gravitational field, see Fig. 3(b). When
the polydispersity increases to s = 0.936, a phase inversion
in the local packing fraction emerges: the conventional IN
stacking sequence disappears (within the resolution of our
sampling grid and also for the range of samples heights and
packing fractions considered), and new sequences, NI and
INI, are stabilized, see the sketched sequences 2 and 3 in
Fig. 3(b). The sequence INI, i.e., a nematic stack floating
between two isotropic stacks, has been experimentally ob-
served in plate-rod binary colloidal mixtures [36] and
theoretically studied with sedimentation path theory [36,48].

Although the NI sequence is present at all sample heights
considered here, it will disappear above a certain height
because in the limit H/〈ξ 〉 → ∞ a dilute isotropic must de-
velop on top (note that all buoyant masses are positive). The
triphasic INI sequence occurs only for sample heights above
H/〈ξ 〉 � 35. Hence, at a fixed sample height H/〈ξ 〉 = 60 and
increasing the mean packing fractions in the range 0.86 �
η � 0.9, we observe the cascade I → INI → NI → N.

In the triphasic INI configuration, the more disordered I
phase resides at the bottom, followed by an intermediate N
layer, and then another I layer at the top, similar to the INI se-
quence found in sphere-plates binary mixtures [36,48]. There,
the bottom (top) isotropic stack is rich in the heavier spheres
(lighter plates). Here, both isotropic stacks are occupied by
HRRs that differ on their relative roundness size. The INI
sequence found here provides another direct evidence of a
genuine phase inversion induced by the coupling between
polydispersity and gravity, an effect that is absent in the bulk
phase diagram for the same parameters [52]. Note also that no
evidence of three-phase coexistence is present in bulk, high-
lighting the role of the gravitational field in the emergence of
these complex stacking sequences. The stabilization of the INI
sequence requires a finite sample height (H/〈ξ 〉 
= 0), which
clearly distinguishes this phenomenon from bulk behavior.

In summary, even when only two stable bulk phases, I
and N, do exist, we observe a clear inversion in the stacking
sequence (from IN to NI) and the emergence of a reentrant I
stack within the INI sequence as the degree of polydispersity
s increases.

We next reduce the average aspect ratio to κ0 = 1.75, with
the goal of introducing a new stable phase in bulk: the tetratic
phase (T). Under these conditions we analyze a system with
three stable bulk phases, namely, the isotropic (I), tetratic (T),
and nematic (N), using a roundness parameter θ = 0.3 and a
moderate degree of polydispersity, s = 0.50. In bulk, the I-T
transition is of second order, while the T-N transition is of first
order. No packing fraction inversion phenomena are observed
in bulk [52].

In the sedimented system, see Fig. 3(c), alongside pure
I, T, and N stacking sequences, a rich variety of biphasic

stacking sequences, IT and TN, as well as a triphasic stacking,
ITN, are stabilized. However, no inversion of the stacking
sequence is present. The most ordered stack appears always at
the bottom. The transitions between stacking sequences can
be quite intricate: for example, at H/〈ξ 〉 ≈ 80, we observe
the cascade I → IT → ITN → TN → N as η increases
over a relatively narrow interval (0.88 � η � 0.93). Notably,
the ITN stacking sequence disappears if the sample height is
smaller than H/〈ξ 〉 ≈ 20, indicating that the corresponding
I-T-N three-phase coexistence does not occur in bulk. We
anticipate that the region corresponding to the ITN sequence
in the stacking diagram will continue to expand as the sample
height increases.

For a higher degree of polydispersity, s = 0.936, an even
wider variety of stacking sequences emerges, including IT, TI,
ITI, TN, NT, TNT, and ITNT, see Fig. 3(d). It is interesting to
note that inverted sequences such as IT and TI can appear at
the same average packing fraction (0.902 � η � 0.904) but
for different sample heights. Similarly, an inversion from TN
to NT is also observed at η ∼ 0.912: the TN sequence appears
in taller samples (H/〈ξ 〉 ∼ 100), while the NT sequence is
found in shorter samples (H/〈ξ 〉 ∼ 60). The samples shown
in Fig. 2, panels (a1)–(c1) and (a3)–(c3), are illustrative ex-
amples of this inversion. Two inverted sequences do not share
a common boundary in the stacking diagram. For example,
transforming the sequence TN into NT (e.g., by increasing the
sample height at constant packing fraction) requires passing
through the intermediate region TNT in the stacking diagram.

The topology of the phase stacking diagram is rather
complex. For example, if we fix H/〈ξ 〉 = 100 and vary η ∈
[0.89, 0.92], then up to seven stacking sequences appear as
η increases: I → ITI → IT → ITNT → TNT → TN → N,
with one of them including up to four stacks of different bulk
phases along the column. Also, if we fix the average packing
fraction at η ≈ 0.906 and increase the sample height within
the interval H/〈ξ 〉 ∈ [0, 160], we find the stacking sequences
I → T → TI → ITI → IT → ITNT. These examples illus-
trate the challenges in inferring bulk phase equilibria from a
collection of sedimented samples.

To better visualize the stacking sequences that appear in a
narrow range of η, we have included two insets in Fig. 3(d).
The first inset focuses on relatively large values of the sample
height (including the discussed case of H/〈ξ 〉 = 100), while
the second inset considers short samples with H values up to
40〈ξ 〉. In the latter case, setting H/〈ξ 〉 ≈ 30, we again observe
a cascade of up to seven different stacking sequences: I → ITI
→ TI → T → TNT → NT → N (when η varies between
0.9 and 0.915). An inversion in the local packing fraction is
observed, with a T stack (having less orientational order than
phase N) occupying to the bottom (in the case of the TNT or
the NT sequence), and also an I stack (without orientational
order) appearing at lower height than the T stack in the ITI
sequence, where the phase I also reappears at the top of the
column as a reentrant stack.

Two three-phase sequences (ITI and TNT) appear under
sedimentation conditions but are absent in bulk (H/〈ξ 〉 → 0).
As we previously described, the local inversion in the packing
fraction occurs because the more disordered phases are richer
in particles with smaller aspect ratios and are consequently
more rounded, which in turn implies a greater area and hence
more gravitational attraction, making them sink to the bottom.
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The reentrant top isotropic (tetratic) stack in the INI (TNT)
sequence occurs due to a reduced number of particles in the
upper portion of the column. As density decreases, orienta-
tional order declines because interparticle interactions become
less prominent.

In the large-sample limit, multiple scenarios are plausible.
There, the stacking sequences must develop a top isotropic
stack followed by tetratic and nematic stacks. However, due
to the occurrence of local phase inversion, the sequences
ITNT and even ITNTI (not observed in the range of heights
considered here) could be present and possibly dominate the
stacking diagram at large sample heights.

VI. CONCLUSIONS

We have investigated the sedimentation behavior of a poly-
disperse two-dimensional liquid-crystal model using a local
density-functional theory. This is the first consistent treatment
of the intricate interplay between polydispersity, phase equi-
libria, and gravity in liquid-crystal fluids. Given the inherent
complexity of the problem, we have employed a simplified
particle model, rounded hard rectangles, in our theoretical
framework. Nevertheless, the same theoretical framework can
be used to study other types of interaction potentials. We argue
that this minimal model is sufficient to capture qualitatively
correct features, particularly in high columns composed of
phases that are uniform in bulk. Note, however, that our local
density approximation assumes that the walls do not affect
the properties of the fluid inside the capillary. Surface effects
such as wetting, anchoring, and layering will modify the free-
energy landscape and enrich the phenomena observed here.
Also, situations where the local density approximation may
not be accurate include the occurrence of stacks with posi-
tionally ordered phases (see below) and stacking sequences
where the thickness of the stacks is of the same order of
magnitude as the thickness of the interfaces that separate the
corresponding stacks. In these cases a nonlocal version of the
theory would be necessary to quantitatively describe the sed-
imentation profiles. In the stacking diagram, such sequences
with narrow stacks occur near the boundaries between two
stacking sequences. However, we expect that the local approx-
imation will qualitatively capture the stacking sequences and
the topology of the stacking diagram.

Despite the simplicity of the model, our analysis reveals
a remarkably rich variety of stacking sequences, far exceed-
ing the structural diversity observed in bulk. These include
inverted sequences, reentrant stacks, multiphasic stacking
sequences with up to four stacks, and cascades of tran-
sitions between different stacking sequences occurring by
either varying the packing fraction while keeping the sam-
ple height constant or varying the height at constant average
packing fraction. All of these phenomena arise from the cou-
pling between particle polydispersity and the gravitational
field.

In the present study we have used exponentially decaying
parent distribution functions. In principle other distributions
with an exponential or more rapidly decaying functional
forms will produce qualitatively similar results. The case
is different when the distribution has a fat tail, such as in
log-normal or powerlike distributions. For instance, in length-

polydisperse rods, the more ordered nematic phase is enriched
in particles of very large size, making the order of the phase
transitions and fractionation effects much stronger [55]. For
our HRR model, we expect fat tails to enrich the I and T
phases with particles of very large roundness.

Our two-dimensional model should also accurately rep-
resent the sedimentation behavior in tilted monolayers [56]
of polydisperse colloidal particles. Also, new experiments on
tilted vibrated monolayers of granular rods can be designed
to study the effect of gravity on the sedimentation behav-
ior of granular particles. Moreover, our approach, based on
projecting the infinite-dimensional thermodynamic space of
the polydisperse system onto a finite set of density moments,
is computationally efficient and readily extendable to three-
dimensional colloidal systems. Hence, it is a promising tool
for studying more realistic systems where the coupling be-
tween gravity and polydispersity is significant. Comparison
with already available experimental data [38–40] should then
be possible. Our theoretical framework has potential appli-
cations ranging from better understanding the sedimentation
of natural suspensions such as clay, which is crucial for
erosion prediction, to optimizing the fabrication of colloidal
inks where controlled particle settling prevents clogging, and
modeling the sedimentation of biofluids, which could improve
diagnostics accuracy.

An interesting line of research for future works is to
study the effect of continuous particle length polydispersity
on the stacking diagrams of colloidal suspensions with sta-
ble nonuniform bulk phases, such as smectic, columnar, and
crystalline phases. Nonlocal density functionals, such as those
based on the fundamental measure theory [57–61], are then
required to accurately describe the bulk. A full minimization
of the free energy of the inhomogeneous system, as we have
done in this work, would fully incorporate the effect of the
gravitational field. The frozen or discrete [11,62] orienta-
tion approximations can alleviate the high computational cost
required for the numerical implementation of nonlocal den-
sity functionals. Still, accurately describing nonhomogeneous
bulk phases requires a computational grid with subparticle
resolution. Hence, the minimization of a polydisperse nonlo-
cal density functional in the presence of gravity can only be
done for relatively small systems [51,63,64], with a maximum
height of a few hundred particle sizes. This limits the ability
to compare with standard sedimentation experiments in which
the sample height is often thousands and even millions of
times larger than the particle size.

An extension of equilibrium [65] and nonequilibrium [66]
neural functionals to polydisperse systems could help address
this issue and also open the door to accurately describe the
dynamics of sedimentation in polydisperse fluids. Another
promising possibility to overcome this limitation is to extend
sedimentation path theory [35,41,42] from mass-polydisperse
[50] to fully polydisperse systems. A sedimented sample
would then be discretized using a relatively small number of
horizontal slabs. Each slab would be approximated by a bulk
system with the same local particle distribution as that in the
slab. An iterative procedure, conceptually similar to that done
for mass-polydisperse systems [50], could be used to find the
mapping between the bulk and the set of horizontal slabs via
a height-dependent distribution of local chemical potentials.
Sedimentation path theory assumes that each slab is equiv-
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alent to an equilibrium system (in contrast to the approach
presented here), but it allows the study of arbitrarily large
samples. In addition, this local equilibrium approximation is
usually accurate in colloidal systems. A further advantage of
sedimentation path theory is that it incorporates the effect of
the gravitational field using only the bulk equation of state,
regardless of its origin. Hence, it might be possible to accu-
rately describe the bulk of the polydisperse system combining
computer simulation data and deep learning [67]. Moreover,
sedimentation path theory would straightforwardly describe
sedimentation in systems with stable nonuniform bulk phases,
provided that the underlying theory used to describe the
bulk of the polydisperse system correctly accounts for such
phases.
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